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Abstract In this paper, an optimisation-based approach is
developed for the determination of the cyclic steady-sate
(CSS) of a pressure swing adsorption process (PSA). It con-
sists in treating the simulation problem as a single dynamic
optimisation problem where the performance index is the
CSS condition, the decision variables are the state variables
at the start of the cycle and the constraints are given by
the process model equations with associated initial condi-
tions. The resulting optimisation problem is solved using a
gradient-based non linear programming (NLP) method, e.g.
SQP method, where the gradients are computed by means
of four different methods: finite differences, numerical and
analytical sensitivities and adjoint system methods.

Keywords PSA process · Cyclic steady-state · Simulation ·
Optimisation

1 Introduction

Adsorption processes are commonly used in the separa-
tion of gas mixtures as an alternative to traditional sepa-
ration processes such as distillation and absorption. More
specifically, they are involved in operations like air sepa-
ration, hydrogen purification and dehumidification of gas
streams (Tondeur and Wankat 1985; Ruthven et al. 1994).
Since PSA processes are widely used in industry, their ef-
ficient modelling, simulation and optimisation are of in-
terest and deserve to be investigated. Simulation of PSA
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processes has been the subject of a large number of research
contributions, particularly in convergence improvements to
cyclic steady-state (CSS). However, optimisation-based ap-
proaches have not been extensively used in simulation of
adsorption processes and very few works have been recently
devoted to PSA processes (Jiang et al. 2003, 2005; Knaebel
et al. 2005). The objective of this paper is to present some
results obtained in the simulation of a non isothermal PSA
process based on a dynamic optimisation approach.

2 Process model

The system considered here belongs to the recent environ-
mental applications and concerns a PSA process with zeolite
13X as solid adsorbent used for removal of CO2 from a mix-
ture of CO2–N2 where N2 is inert. The process used consists
of four basic steps (classical Skarstrom cycle): compres-
sion, high pressure adsorption, blow down and low pressure
purge. The process model is similar to those described in
(Liu and Ritter 1996; Liu et al. 1998) and is based on the
following assumptions:

• A monodimensional model is considered
• The system is non isothermal
• The pressure drop is negligible
• The axial dispersion is negligible
• The gas phase is ideal
• The carrier gas is assumed to be inert
• The fluid velocity is constant
• The mass transfer rate is described by LDF (linear driving

force) model

The resulting model is constituted by the following equa-
tions:
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Table 1 Boundary conditions
for the four basic steps Step I (compression) Step II (adsorption)

P = f (t) P = PH

t = 0;y = yIV , q = qIV , T = TIV t = 0;y = yI , q = qI , T = TI

z = 0; ∀t : y = yf eed , T = Tf eed z = 0; ∀t : y = yf eed , T = Tf eed , u = uH

z = L; ∀t : u = 0

Step III (blowdown) Step IV (purge)

P = f (t) P = PL

t = 0;y = yII , q = qII , T = TII t = 0;y = yIII , q = qIII , T = TIII

z = L; ∀t : ∂y
∂z

= 0, T = Tads , u = 0 z = L; ∀t : y = yads
PL

PH
,T = Tads, u = uL

• Carbon dioxide mass balance in the fluid phase:

∂y

∂t
+ u

∂y

∂z
+ (1 − y)

1 − ε

ε

RT

P
ρs

∂q

∂t
= 0 (1)

• Energy balance:(
ρgCpg + 1 − ε

ε
ρsCps

)
∂T

∂t
+ ρgCpgu

∂T

∂z

+ 1 − ε

ε
�Hρs

∂q

∂t
+ 2h

εrb
(T − T0) = 0 (2)

• LDF model:

∂q

∂t
= ka(q

∗ − q) (3)

• Equilibrium relationship for carbon dioxide:

q∗ = qsbPy

1 + bPy
(4)

where b = b0

R
√

T
exp(−�H

RT
)

The associated initial and boundary conditions for the
four basic steps are given in Table 1.

Equations (1–4) and those in Table 1 form a set of par-
tial differential algebraic equations (PDAEs) which is trans-
formed into a set of partial differential equations (PDEs)
since the system index is one (Unger et al. 1995; Brenan
et al. 1989).

3 Spatial derivatives approximation

A method of lines methodology (Schiesser 1991) is used to
discretise the spatial dimension in order to reduce the sys-
tem of PDEs to a system of ordinary differential equations
(ODEs). Here orthogonal collocation method based on La-
grange polynomials (Villadsen and Michelsen 1978) is ap-
plied. The approximations are as follows:

y(t, z) ≈
N+1∑
i=0

yi(t)li(z),

q(t, z) ≈
N+1∑
i=0

qi(t)li(z),

T (t, z) ≈
N+1∑
i=0

T i(t)li(z)

(5)

where li (z) = ∏N+1
j=0,j �=i

(z−zj )

(zi−zj )
are the Lagrangian polyno-

mials.
The resulting process model may be written in the fol-

lowing ODEs:

dyi

dt
+ u

N+1∑
j=0

yj (t)l̇j (zi)

+ (1 − yi)
1 − ε

ε

RT

P
ρs

(1 − ε)ρs

ε

dqi

dt
= 0, (6)

(
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ε
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)
dT i

dt
+ ρgCpgu

N+1∑
j=0

T j (t)l̇j (zi)

+ 1 − ε

ε
�Hρs

dqi

dt
+ 2h

εrb
(T i − T0) = 0, (7)

dqi

dt
= ka(q

∗
i − qi), (8)

q∗
i = qsbiP yi

1 + biPyi

, (9)

bi = b0

R
√

T i

exp

(
−�H

RT i

)
(10)

for i = 1,2, . . . ,N .
The collocated boundary conditions for the four basic

steps are listed in Table 2.
The resulting system of ODEs (6–9) may be written in

the following classical form:

ẋ(t) = f(x), (11)

x(0) = x0 (12)
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Table 2 Collocated boundary
conditions for the four basic
steps where l̇i (zj ) = li (zj )

dz

Step I (compression) Step II (adsorption)

∀t ∀t

P = f (t) P = PH

y0 = yf eed , T 0 = Tf eed , u = 0 y0 = yf eed , T 0 = Tf eed , u = uH

Step III (blowdown) Step IV (purge)

∀t ∀t

P = f (t) P = PL∑N+1
j=0 yj (t)l̇j (zN+1), T N+1 = Tads , u = 0 yN+1 = yads

PL

PH
,T N+1 = Tdes , u = uL

where the state vector is given by

xT = (y0, y1, . . . , yN+1, q0, q1, . . . ,

qN+1, T 0, T 1, . . . , T N+1)

It is constituted by CO2 concentrations in fluid and solid
phases and temperatures at different collocation points.

The initial state is given by

xT
0 = (y0

0, y
0
1, . . . , y

0
N+1, q

0
0, q

0
1, . . . ,

q0
N+1, T

0
0, T

0
1, . . . , T

0
N+1)

The solution of the process model equations, i.e. simula-
tion, is dealt with in the next section.

4 Simulation problem definition

The objective of the simulation problem is to determine the
cyclic steady-state, i.e., the state vector at the start of the
cycle must be equal to the state vector at the end of the cycle.
This is formulated as

x(0) = x(Tcycle) (13)

The cycle duration is expressed by

Tcycle = τcomp + τads + τblow + τdes (14)

5 Classical formulation and computation methods

Different methods to solve (13) have been developed and
proposed in the literature. The main methods are:

5.1 Fixed-point iteration approach

In this approach the state vector values at the end of a cycle
are used at the start of the following cycle. This is formu-
lated as

xc+1(0) = �[xc(0)], c = 1,2, . . . , ncycles (15)

The substitution process is repeated until convergence.
This method is easy to implement but has only first-order

convergence rate. To reach the CSS hundreds of cycles are
required.

5.2 Quasi-Newton based methods

In quasi-Newton methods the search for cyclic steady-state
is formulated as

x(0) − �[x(0)] = 0 (16)

where x(0) is the unknown state vector.
These methods have the advantage of super-linear con-

vergence rate but have also problems in Jacobian matrix
computation since numerical methods (mainly finite differ-
ences) are used with the first three direct successive substi-
tutions (Smith and Westerberg 1991).

5.3 Newton methods

To overcome the problem of numerical estimation of Ja-
cobian matrix, it was suggested to use sensitivities method
∂x(t)/∂x(0), t ∈ [0, Tcycle] (Croft and LeVan 1994). This al-
lows the application of a Newton method and therefore guar-
antees the quadratic convergence rate. The problem is that
the computational times are very often increased because of
the size and non sparsity of the sensitivities matrix (Nilchan
and Pantelides 1998).

6 Optimisation-based formulation and computational
method

6.1 Problem formulation

The approach developed here consists in treating the sim-
ulation problem as a single dynamic optimisation problem
where the performance index is the CSS condition, the de-
cision variables are the state variable at the start of the cycle
and the constraints are given by the process model equations
with associated initial conditions.
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Fig. 1 Optimisation process

The mathematical formulation of the simulation problem
is the following:

Min
x0

J = 1

2
eT e where e = x(0) − x(Tcycle) (17)

subject to constraints (11–12).

6.2 Computational method used

The computational method used consists in the estimation of
initial values of decision variables which are used in process
model integration. The performance index and the gradients
of both performance index and constraints with respect to
decision variables are computed and provided to a gradient-
based non linear programming (NLP) solver, which in turn
estimates a new vector of decision variables. The process
is repeated until convergence where the optimal values of
decision variables are obtained (Fig. 1).

It is important to notice that in any gradient-based optimi-
sation method, the convergence and its rate strongly depend
on the accuracy of gradients computations. In this work four
methods are used and compared. They are based on the fol-
lowing general definition of the performance index:

Min
p

J = G[x(tf ),p] +
∫ tf

0
F [x(t),p]dt (18)

where x0 is substituted by p in order to clearly distinguish
the state vector x from the vector of decision variables x0.

6.2.1 Finite differences method

The approximation of the gradient of the performance index
J with respect to a parameter pi by means of finite differ-
ences consists in perturbating J with a finite amount �pi of
pi as follows

∂J

∂pi

≈ J (pi + �pi) − J (pi)

�pi

(19)

where �pi

pi
≈ 1%; i = 1,2, . . . ,3(N + 2).

6.2.2 Sensitivity method

The differentiation of the performance index J with respect
to a parameter pi leads to the following equation:

∂J

∂pi

= ∂G

∂xT
si

∣∣∣∣
t=tf

+ ∂G

∂pi

+
∫ tf

0

(
∂F

∂xT
si + ∂F

∂pi

)
dt (20)

where si = ∂x
∂pi

, i = 1,2, . . . ,3(N + 2), is the vector of sen-
sitivities of x with respect to pi , deduced from:

ṡi = ∂f
∂x

si + ∂f
∂pi

; si (0) = si0 (21)

where si is the vector (si
1, s

i
2, . . . , s

i
3(N+2))

T .
The partial derivatives of G, F and f with respect to x and

pi are computed using DASPK code (Brown et al. 1994;
Li and Petzold 1999). When they are computed numeri-
cally, the resulting sensitivities are referred to as numeri-
cal sensitivities. Their analytical computation is carried out
using Adifor package (Bischof et al. 1992). In this case
the resulting sensitivities are referred to as analytical sen-
sitivities. The analytical sensitivities approach is similar to
the method developed by (Croft and LeVan 1994), referred
to as “direct determination method”. The only difference
is that the authors solved directly the CSS condition, i.e.
e[x(0)] = x(0)−x(Tcycle) = x(0)−F [x(0)] = 0, by means
of a Newton method.

The computational algorithm using the finite differences
or the sensitivity method is the following

(i) Estimation of the vector of parameters p
(ii) Forward integration of state equations (11–12) and sen-

sitivity equations (21)
(iii) Computation of gradients by means of (19) or (20)
(iv) Estimation of a new vector of parameters p by means

of an NLP solver and go to step (ii)
(vi) Iteration until convergence

6.2.3 Adjoint system method

Consider the simple formulation of a dynamic optimisa-
tion problem where the performance index is given by (18)
and the process model is described by the system of ODEs
(11–12). The gradients of the performance index and con-
straints with respect to parameters are given by:

∂J

∂pi

= ∂G

∂pi

+
∫ tf

0

∂H

∂pi

dt (22)

where

H = F(x,p) + λT f(x,p) (23)

is the Hamiltonian function of the performance index.
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The vector of co-state or adjoint variables λ is defined as:

dλ

dt
= −∂H

∂x
(24)

and the corresponding terminal conditions are expressed as:

λ(tf ) = ∂G

∂x

∣∣∣∣
t=tf

(25)

i = 0,1, . . . ,3(N + 2).
The computation algorithm using the adjoint system

method is the following

(i) Estimation of the vector of parameters p
(ii) Forward integration of state equations (11–12)
(iii) Backward integration of adjoint or co-state equations

(24–25)
(iv) Computation of gradients by means of (22)
(v) Estimation of a new vector of parameters p by means

of an NLP solver and go to step (ii)
(vi) Iteration until convergence

Table 3 Physical parameters of the model

Parameter Unit Value

ka s−1 9 × 10−3

ρs kg/m3 720

ε – 0.40

τ s 360

L m 1.2

uH m/s 0.2

uL m/s 0.6

PH atm 4.0

PL atm 1.3

Cpg J/kg/K 29.1

�H J/mol 34,230

rb m 0.0135

T0 K 293.15

Cps J/kg/K 924.0

qs mol/kg 2.98

h W/m2/K 45.0

b0 m3/mol/K0.5 3.88 × 10−8

yf eed % (vol) 5

ρg kg/m3 1.3

7 Simulation results

7.1 Data used

The pressure profiles in compression and blowdown steps
are:

P(t) = PH + (PL − PH )

[
t2

τ 2
comp

− 2t

τcomp

+ 1

]
, (26)

P(t) = PL + (PH − PL)

[
t2

τ 2
blow

− 2t

τblow

+ 1

]
(27)

The pressure profiles used in this work are similar to those
in (Kapoor and Yang 1989) where the pressure is recorded
and fitted by a quadratic function of time. On the other hand,
we assumed that the durations of adsorption and desorption
steps are equal (τads = τdes = τ). In the same way, the dura-
tions of compression and blowdown steps are the same and
equal to ten times less than the duration of adsorption and
desorption steps (τcomp = τblow = 0.1τ).

The number of collocation points N is 15.
The rest of the physical parameters are given in Table 3.

7.2 Results and discussion

The simulations are carried out on a 1.6 GHz Athlon MP
1900+ computer. The NLP solver used is NLPQL developed
by Schittkowski (1985) and DASSL code is used as the inte-
grator (Brenan et al. 1989). The sensitivities (numerical and
analytical) are computed using the DASPK code (Brown et
al. 1994; Li and Petzold 1999). Finally, the adjoint system
method is developed within the dynamic optimisation pack-
age DYNO (Fikar and Latifi 2002).

Table 4 presents the optimal values of the performance
index, i.e. the CSS condition, and their corresponding CPU
times for the four methods of gradients computation.

It can be seen that the four methods lead to the same val-
ues of CSS condition, but the adjoint method has by far the
fastest convergence rate especially when compared to ana-
lytical sensitivity method. The difference is due to the high
dimensions of the process model and of the vector of deci-
sion variables. It is important to notice that in the sensitiv-
ity method each decision variable requires to solve an ad-
ditional system of ODEs with the same dimension as the

Table 4 Methods of gradients
computation in simulation Finite differences Sensitivity method Adjoint system

method Numerical Analytical method

CPU time (s) 581 315 62 24

Performance index 0.91 × 10−10 0.96 × 10−10 0.93 × 10−10 0.90 × 10−10
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Fig. 2 CSS condition vs iteration number

Fig. 3 CO2 Dimensionless concentration profiles in the fluid after the
adsorption step vs dimensionless bed length

Fig. 4 CO2 Concentration profiles in the solid phase after the adsorp-
tion step vs dimensionless bed length

Fig. 5 Temperature profiles in the fluid after the adsorption step vs

dimensionless bed length

process model. It is evident that this needs additional com-
putational time which is not the case in the adjoint system
method.

In Fig. 2 the comparison of different methods of gradi-
ents computation is presented as the variations of the CSS
condition versus iteration number. This figure confirms the
performance of the adjoint system method. Figures 3, 4 and
5 present respectively the concentrations of carbon dioxide
in the fluid and solid phases and the fluid phase temperature
after the adsorption step versus dimensionless bed length.
Two profiles are reported in each figure, one corresponds to
the first cycle or iteration (dashed line) and the other to CSS
(solid line).

8 Concluding remarks

An optimisation—based approach has been developed for
the determination of CSS condition of a PSA process used
for separation of the binary mixture CO2/N2. The approach
is based on simultaneous treatment of simulation and opti-
misation as a single optimisation problem. The NLP solver
used is a gradient-based method (i.e., SQP method). The ad-
joint system method was specifically developed and used for
gradients computation and compared to finite differences
and sensitivity (numerical and analytical) methods. It was
shown that this method has the fastest convergence rate.
The approach is not limited by the number of components
involved provided that appropriate kinetic, hydrodynamic,
thermodynamic and thermokinetic models are used.
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9 Nomenclature

Cp Heat capacity J/kg/K
�H Heat of adsorption J/mol
h Heat transfer coefficient W/m2/K
ka Mass transfer coefficient s−1

L Bed length m
N Number of collocation points –
P Pressure atm
q Amount adsorbed mol/kg
q∗ Equilibrium amount adsorbed mol/kg
rb Bed radius m
t Time m
T Temperature K
u Intersticial velocity m/s
y Gas phase mole fraction –
z Axial position m

Greek symbols
ρ Density kg/m3

ε Bed porosity –
τ Time duration s

Subscripts
ads Adsorption
blow or L Blowdown
comp or H Compression
des Desorption
g Gas
s Solid
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